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SUBJECT: S e n s i t i v i t y  Mat r ix  Data 
f o r  LEM Ascent to 50,000 
Foot  O r b i t  ( U )  
Case 209 

ME March 3 ,  1965 

FROM: I. Bogner 

MEMORANDUM FOR FILE 

GENERAL D I S C U S S I O N  

T h i s  memo p r e s e n t s  t h e  m a t r i x  o f  p a r t i a l s  f o r  LEM 
a s c e n t  r e l a t i n g  d e v i a t i o n s  i n  dependent  v a r i a b l e s  a t  a f i x e d  
t i m e  s h o r t l y  a f t e r  eng ine  c u t o f f  t o  d e v i a t i o n s  i n  independent  
v a r i a b l e s  a t  t h e  s t a r t  o f  t h e  a s c e n t .  The v a r i a b l e s  a r e  as 
f o l l o w s :  

Dependent ( a t  t ime T 2 )  

A c t u a l  p o s i t i o n  
xA2 A c t u a l  v e l o c i t y  

Est imated p o s i t  i o n  
Est imated V e l o c i t y  'E2 

w2 Weight 

Independent  ( a t  time T1) 

A c t u a l  p o s i t i o n  
Ac tua l  v e l o c i t y  

Es t ima ted  p o s i t i o n  
Es t ima ted  v e l o c i t y  

V e h i c l e  performance 
pa rame te r s  PF 

Sensor  performance 
p a r a m e t e r s  pS 

To c a r r y  o u t  t h i s  s t u d y  a nominal c losed- loop  a s c e n t  was s i m u l a t e d  
i n  which a l l  ( i n d e p e n d e n t )  d e v i a t i o n s  were set  t o  z e r o .  The nominal 
s i m u l a t i o n  c o n s i s t e d  o f  an e q u a t o r i a l  l aunch  a t  a n  az imuth  o f  270' 
t o  a 5 0 , 0 0 0  f o o t  o r b i t .  

Lunar c o n s t a n t s  and m i s s i l e  parameters used  i n  t h e  
s i m u l a t i o n  were t h e  same as t h o s e  l i s t e d  i n  Reference  1. The 
gu idance  e q u a t i o n s  a re  t h e  e x p l i c i t  t y p e  d e s c r i b e d  i n  Refe rences  2 
and 3. These e q u a t i o n s  a t t empt  t o  s i m u l t a n e o u s l y  n u l l  r a d i u s ,  
r ad i a l  r a t e  and h o r i z o n t a l  v e l o c i t y  e r r o r s .  A c t u a l  c u t o f f  t a k e s  

n t  a1 p l a c e  when the  hor izo i  v e l o c i t y  e r r o r  goes t o  z e r o .  



/ 
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The m a t r i x  o f  par t ia l s  are o b t a i n e d  by c o n s i d e r i n g  
d e v i a t i o n s  from t h e  r e f e r e n c e  a t  time T 2  i n  r e s p o n s e  t o  pe r -  
t u r b a t i o n s  a t  t i m e  T1. 
e q u a t i o n s ,  e s s e n t i a l l y  a Tay lo r  se r ies  expans ion ,  about  t h e  
r e f e r e n c e  t r a j e c t o r y .  I n  m a t r i x  n o t a t i o n  w i t h  t h e  6 's  i n d i c a t i n g  
d e v i a t i o n s  from t h e  nominal ,  t h e  e q u a t i o n s  take t h e  form 

Thus one can wr i te  a s e t  o f  p e r t u r b a t i o n  

6w2 = w A 6X A1 + WE6XE1 i- WP6P ( 3 )  

6P = 6PPF + 6Ps ( 4 )  

6X and 6XE are 6 x 1 column m a t r i c e s , t h e  d e v i a t i o n  s t a t e  v e c t o r s .  
6P i s  a N x 1 column m a t r i x  where N i s  t h e  t o t a l  number o f  v e h i c l e  
performance and s e n s o r  parameters  o f  i n t e r e s t .  Note t h a t  6P i s  t h e  
sum o f  performance and senso r  d e v i a t i o n s .  

A 

The $ m a t r i c e s ,  t h e  m a t r i c e s  o f  p a r t i a l s ,  a r e  
de t e rmined  e x p e r i m e n t a l l y  by making a s e r i e s  o f  c losed - loop  
s i m u l a t i o n s ,  one s i m u l a t i o n  f o r  each  v a r i a b l e  t o  be p e r t u r b e d .  
From t h e  e q u a t i o n s  one n o t e s  t h a t :  

- - &'A2 
?4A "A1 

- - "E2 
$EA &'A1 

6XE1 = 6P = 0 

6XE1 = 6P = 0 

6W, I 
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S i m i l a r  e q u a t i o n s  
1, 2 and 3 may be 

can  be w r i t t e n  f o r  t h e  o t h e r  terms. Equa t ions  
combined i n t o  one m a t r i x  e q u a t i o n .  

+AA 

+EA 

wA 

~ A E  'AP 

@EE 'EP 

wP . + 
L1 3x [ 6 + 6 + N  3 

!'A1 
I 

I I 
6P 1 

T h i s  4 m a t r i x  of 3 rows by  ( 1 2  . N )  columns i n  t h e  
m a t r i x  of  i n t e r e s t ,  t o  be used t o  p ropaga te  e r r o r s  t h rough  t h e  
powered f l i g h t  p o r t i o n  of t he  LEM a s c e n t .  

I n  t h i s  a n a l y s i s  6XA1 and 6XE1 were c o n s i d e r e d  t o  be 
3 x 1 column m a t r i c e s "  i n  which only  i n i t i a l  p o s i t i o n  d e v i a t i o n s  
were assumed. I m p l i c i t  i n  t h i s  approach i s  t h e  assumpt ion  t h a t  
t h e  a f f e c t  of i n i t i a l  v e l o c i t y  u n c e r t a i n t i e s  i s  n e g l i g i b l y  small. 
The 4 m a t r i x  i s  t h e r e f o r e  reduced t o  a 13  x (3+3+N) m a t r i x  w i t h  
N i n  t h i s  c a s e  b e i n g  28.  
r e q u i r e d  34 s e p a r a t e  p e r t u r b a t i o n  s i m u l a t i o n s .  

T h u s  t h e  g e n e r a t i o n  of t h e  m a t r i x  

Error Sources  

The 34 e r r o r  sou rces  a r e  l i s t e d  i n  Table  1A a l o n g  w i t h  
t h e i r  assumed l a  values .  
p e r t u r b a t i o n  were used i n  t h e  4 computa t ions .  
t h e  u n i t s  used i n  computing t h e  i n d i v i d u a l  terms i n  t h e  41 m a t r i x .  

Toimprove computa t iona l  accuracy  2a  
The u n i t s  g i v e n  are 

Coord ina te s  

Computation o f  t h e  terms was c a r r i e d  o u t  i n  t h e  o r b i t  
p l a n e  c o o r d i n a t e s  of  t h e  nominal s i m u l a t i o n  a t  t h e  r e f e r e n c e  t imes.  
These a r e  d e f i n e d  as fo l lows :  

* 
I n s t e a d  o f  6 x 1 m a t r i x .  



= v e h i c l e  v e l o c i t y  v e c t o r  

R = v e h i c l e  p o s i t i o n  v e c t o r  
- 

lR = 1 x lT N 

The dependent  v a r i a b l e s ,  
Corresponding t o  v e h i c l e  

u n i t  v e c t o r  i n  t h e  N o r  nominal d i r e c t i o n .  

u n i t  v e c t o r  i n  t h e  T o r  t r a c k  d i r e c t i o n .  

u n i t  v e c t o r  i n  t h e  R (down) r ange  d i r e c t i o n .  

. . .  
l i s t e d  i n  T a b l e  1 B  are N , T , R  and N , T , R  
o r b i t  p l a n e  p o s i t i o n  and v e l o c i t y  

components a i o n g  lN, lT and lR. 
whether t h e  term i s  an a c t u a l  or estimabed v a r i a b l e .  

A s u b s c r i p t  A or E i n d i c a t e s  

D e s c r i p t i o n  o f  P r e s e n t e d  Data 

I n  o r d e r  t o  f a c i l i t a t e  p r i n t i n g  o u t  t h e  data i n  a 
s imple  and compact form the  dependent v a r i a b l e s  a re  a r r a n g e d  
by  column w i t h  t h e  independent  v a r i a b l e s  as t h e  rows. T a b l e  2 
i s  t h e  data f o r  t h e  9, and W m a t r i c e s  and T a b l e  3 i s  t h e  data  
for t h e  I$, m a t r i c e s  b o t h  co r re spond ing  t o  +2a p e r t u r b a t i o n s .  
T a b l e s  4 and 5 a r e  t h e  co r re spond ing  data  f o r  -2a  p e r t u r b a t i o n s .  
A key  t o  t h e  i n f o r m a t i o n  i n  t h e  t ab le s  may b e  found i n  F i g u r e s  1 
and 2 .  

J+ I. Bogner 
1022-IB-mhk 

Attachments  
1. Refe rences  
2. Tables 1 t h r u  5 
3 .  F i g u r e  1 and 2 

copy t o  
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